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Abstract
We calculate the entropy of the brane-world black hole in the Randall-
Sundrum(RS) model by using the brick-wall method. The modes along the
extra dimension are semi-classically quantized on the extra dimension. The
number of modes in the extra dimension is given as a simple form with the
help of the RS mass relation, and then the entropy for the scalar modes in
the five-dimensional spacetime is described by the two-dimensional area of
the black brane world.
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Recently, there has been much interests in the Randall and Sundrum(RS) model to
resolve the gauge hierarchy problem [1,2], which is based upon the fact that our universe
may be embedded in higher-dimensional spacetimes [3,4]. Furthermore, the various aspects
of this model have been studied on the cosmological grounds [5]. In order to study the
gauge hierarchy problem, RS have proposed a two-brane model called RS1 model involving
a small and curved extra dimension, which is a slice of anti-de Sitter (AdS) spacetime [1]. The
negative tension brane is regarded as our universe, and the hierarchy between physical scales
naturally appears in our brane. Furthermore, they have studied a single-brane model(RS2
model) by taking rc →∞, where rc is a radius of the extra dimension [2]. In these models,
the nonfactorizable metric is essential as a static anti-de Sitter(AdS) spacetime, which is
different from that of the conventional Kaluza-Klein(KK) style in that the extra coordinate
is associated with a conformal factor. On the other hand, the static AdS domain wall has
been already found as BPS domain walls of supergravity theories in Ref. [6], which is relevant
to the RS model in a special case.
Subsequently, it has been shown that the curved domain wall solution in the RS models
can be given by transforming the Minkowskian metric by the Schwarzschild one, which is
described by a black string solution in five dimensions [7]. The d-dimensional generalization
of this has been shown in Ref. [8] and a brane-world black hole for a rotating case has
recently been studied in Ref. [9]. In Refs. [10,11], thermodynamics and aspects of evaporation
in brane-world black holes have been studied. To study quantum mechanical aspect of
this black brane world (black string intersecting the brane world), we may first consider
its entropy, which is expected to satisfy the area law [12]. In this paper, we would like
to calculate the statistical entropy of the black brane world in terms of the brick wall
method [13–16]. We first derive the brane-world black hole solution directly starting from the
equation of motion, and obtain the black brane world system. And then we semi-classically
quantize the massive scalar field on this five-dimensional background. First, the modes
along the extra dimension is quantized, and then the mass is naturally discretized. Next, we
calculate the other modes following the brick wall method, and obtain the desired entropy of
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the brane-world black hole by using the RS relation. This shows that the number of modes
in the five-dimensional spacetime are can be effectively described by the two-dimensional
surface.
Let us now consider the RS model in (4 + 1) dimensions,
S(5) =
1
2κ2(5)
∫
d4x
∫
dy
√
−g(5)
[
R(5) + 12k2
]
−
∫
d4x
[√
−g(+)λ(+) +
√
−g(−)λ(−)
]
, (1)
where λ(+) and λ(−) are tensions of the branes at y = 0 and y = πrc, respectively, 12k
2 is
a cosmological constant, and κ2(5) = 8πG
(5)
N . Note that we use M,N,K, · · · = 0, 1, · · · , 4 for
(4 + 1)-dimensional spacetime indices and µ, ν, κ, · · · = 0, 1, · · · , 3 for branes. We assume
orbifold S1/Z2 which has a periodicity in the extra coordinate y, and identify −y with y.
Two singular points on the orbifold are located at y = 0 and y = πrc, and two 3-branes
are placed at these points, respectively. Note that the metric on each brane is defined as
g(+)µν ≡ g(5)µν (xµ, y = 0) and g(−)µν ≡ g(5)µν (xµ, y = πrc), respectively.
We now assume the bulk metric as
ds2(5) = e
−2k|y|Φ(x)gµν(x)dx
µdxν + T 2(x)dy2, (2)
where the moduli field T (x) is different from Φ(x) for the present. From Eq. (1), the equation
of motion is given as
G
(5)
MN = T
(5)
MN . (3)
By using the metric (2), the Einstein tensors are calculated as
G(5)µν = Gµν −
1
T
(∇µ∇νT − gµν✷T ) + 2k|y| (∇µ∇νΦ− gµν✷Φ)
−k|y|
T
(∇µT∇νΦ +∇µΦ∇νT + gµν∇ρT∇ρΦ)
+k2|y|2
(
2∇µΦ∇νΦ+ gµν(∇Φ)2
)
+
6kΦ
T 2
e−2k|y|Φgµν (kΦ− δ(y) + δ(y − πrc)) , (4)
G(5)µy = 3k
(
∂µΦ− Φ
T
∂µT
)
∂y|y|, (5)
G(5)yy = −
1
2
T 2e2k|y|Φ
(
R + 6k|y|✷Φ− 6k2|y|2(∇Φ)2 − 12k
2Φ2
T 2
e−2k|y|Φ
)
, (6)
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and the stress-energy tensor is explicitly written as
T
(5)
MN = 6k
2g
(5)
MN + κ
2
(5)
√−g(+)√−g(5) λ(+)δ(y)g
(+)
µν δ
µ
Mδ
ν
N
+ κ2(5)
√−g(−)√−g(5) λ(−)δ(y − πrc)g
(−)
µν δ
µ
Mδ
ν
N . (7)
Since (µy)-component of Eq. (7) vanishes, from Eqs. (3) and (5) we obtain the following
relation,
G(5)µy = 3k
(
∂µΦ− Φ
T
∂µT
)
∂y|y| = 0, (8)
which yields simply Φ(x) = T (x).
In the (µν)-component of Eq. (3), there exist discontinuities resulting from the delta
functional source due to the presence of brane tensions at y = 0 and y = πrc. At this stage,
we now consider junction conditions [17], and integrate out the Einstein equation near the
branes,
∫ 0+ǫ
0−ǫ
dyG(5)µν =
∫ 0+ǫ
0−ǫ
dyT (5)µν ,∫ πrc+ǫ
πrc−ǫ
dyG(5)µν =
∫ πrc+ǫ
πrc−ǫ
dyT (5)µν . (9)
The jump along the extra coordinate near the 3-branes gives a relation between brane
tensions and the cosmological constant,
λ(+) = −λ(−) = 6
κ2(5)
k, (10)
where we note that the branes at y = 0 and y = πrc have a positive tension (λ(+)) and a
negative one (λ(−)), respectively. Using the relation (10) for this brane model, the equation
of motion (3) is explicitly given as
Rµν − 1
2
gµνR− 1
T
[∇µ∇νT − gµν✷T ] + k2y2
[
2∇µT∇νT + gµν(∇T )2
]
+2k|y| [∇µ∇νT − gµν✷T ]− k|y|
T
[
2∇µT∇νT + gµν(∇T )2
]
= 0, (11)
R + 6k|y|✷T − 6k2y2(∇T )2 = 0. (12)
Traces of Eq. (11) and Eq. (12) give the following reduced equations,
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R + 3k|y|✷T = 0,
✷T − 2k|y|(∇T )2 = 0. (13)
In Eq. (13), as a simple constant solution of T (x), let us set T (x) = 1. Then metric solution
gµν should be determined by R = 0. Combining R = 0 and T (x) = 1 with Eq. (11),
the Ricci flat condition, Rµν = 0, introduced in Ref. [7], is obtained from the equations of
motion. From this condition, it is natural to consider the 4-dimensional Schwarzschild black
hole solution as a slice of AdS spacetime as a brane solution,
ds2 = e−2k|y|
[
−
(
1− 2M
r
)
dt2 +
(
1− 2M
r
)−1
dr2 + r2dΩ2(2)
]
+ dy2, (14)
where dΩ2(2) is a metric of unit 2-sphere and we set G(4) = 1 for convenience. It is a black
string solution intersecting the brane world, which describes a black hole placed on the
hypersurface at the fixed extra coordinate. Arnowitt-Deser-Misner(ADM) mass M˜ of the
brane-world black hole measured on the brane is M˜ = Me−ky0 where y0 is 0 or πrc. Then,
ADM mass would be exponentially suppressed as M˜ = Me−kyc|yc→∞ → 0 on the negative
tension brane for the RS2 model. In our work, we shall focus on the black hole placed at
y = 0.
Let us now study the black hole entropy in terms of the brick wall method. With the
help of the RS relation which connects the bulk mass with the mass on the brane, the
quantization will be simplified. We now assume the massive scalar field f on the five-
dimensional background (14),
(✷(5) −m2)f = 0, (15)
and it is explicitly given as
e2k|y|
[
−1
g
∂2t f +
1
r2
∂r
(
r2g∂rf
)
+
1
r2sinθ
∂θ(sinθ∂θf) +
1
r2sin2θ
∂2φf
]
+e4k|y|∂y(e
−4k|y|∂yf)−m2f = 0, (16)
where g = g(r) = 1− 2M
r
. If we set
5
e4k|y|∂y(e
−4k|y|∂yχ)−m2χ+ µ2e2k|y|χ = 0, (17)
where f(t, r, θ, φ, y) ≡ Ψ(t, r, θ, φ)χ(y), then the separation of variables is easily done, and
the reduced form of the effective field equation becomes
− 1
g
∂2tΨ+
1
r2
∂r
(
r2g∂rΨ
)
+
1
r2sinθ
∂θ(sinθ∂θΨ) +
1
r2sin2θ
∂2φΨ− µ2Ψ = 0. (18)
Note that the above eigenvalue µ2 plays a role of the effective mass on the brane. Then
further separation of variables is straightforward, which gives
1
r2
(r2g∂rR) +
(
ω2
g
− ℓ(ℓ+ 1)
r2
− µ2
)
R = 0, (19)
where Ψ(t, r, θ, φ) ≡ R(r)S(θ)eiαφ−iωt. The exact quantization of Eq.(17) seems to be cum-
bersome. However, in theWKB approximation [13], the wave number kχ of the wave function
χ(y) is easily written as
k2χ(y, µ) = µ
2e2k|y| −m2. (20)
Therefore, the number of modes nχ is obtained as
πnχ(µ) =
∫ πrc
0
dykχ(y, µ)
= −
√
µ2 −m2
k
+
m
k
tan−1
[√
µ2 −m2
m
]
+
√
µ2e2kπrc −m2
k
− m
k
tan−1


√
µ2e2kπrc −m2
m

 . (21)
Unfortunately, it is difficult to write the eigenvalue µ as a function of nχ since the inverse
function is not easily obtained. However, we now consider the RS relation [1], which is key
to the breakthrough. It has been used to connect the effective four-dimensional mass with
the five-dimensional bulk mass, and it is given by µ = me−kyc at the branes. We note that
in Ref. [1] to resolve the hierarchy problem between physical couplings, the negative tension
brane at yc = πrc is regarded as our universe. On the other hand, in our black hole case,
the positive tension brane has been taken as our spacetime of black brane world since the
negative tension brane has naked singularities. Furthermore, at the negative tension brane
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the real wave number can not be defined. So, for the present case, it is possible to take
yc = 0 without these problems. Then the RS relation is reduced to
µ = m, (22)
which yields
µ = µnχ =
πk
γ
nχ (nχ = 1, 2, 3, · · ·) (23)
from Eq. (21) with γ =
√
e2kπrc − 1− tan−1√e2kπrc − 1. If we take rc →∞, then the mode
spectrum is continuous similarly to the quantization on a circle.
At last, the radial wave number k2R = g
−2
[
ω2 − g
(
ℓ(ℓ+1)
r2
+ µ2
)]
from Eq. (19) is semi-
classically quantized as
πnR(ω, ℓ, µ) =
∫ L
2M+h
drg−1
√√√√ω2 − g
(
ℓ(ℓ+ 1)
r2
+ µ2
)
, (24)
where h and L are ultra and infrared cutoffs, respectively which are needed in the brick wall
formalism. Now the degeneracy for a given energy is defined by
g(ω) ≡ πN =
∫
dℓ(2ℓ+ 1)
∫
dnχπnR(ω, ℓ, nχ)
=
∫
dℓ(2ℓ+ 1)
∫
dnχ
∫ L
2M+h
drg−1
√√√√ω2 − g
(
ℓ(ℓ+ 1)
r2
+ λ2n2χ
)
, (25)
where λ = kπγ−1.
The free energy F for this black brane world system is given as
e−βF =
∑
e−βω =
∏
nR,ℓ,nχ
1
1− e−βω , (26)
which is explicitly written as
πβF = −
∫ ∞
0
dω
βg(ω)
eβω − 1
= −β
∫ ∞
0
dω(eβω − 1)−1
∫
dℓ(2ℓ+ 1)
∫
dnχ
∫ L
2M+h
g−1
√√√√ω2 − g
(
ℓ(ℓ+ 1)
r2
+ λ2n2χ
)
. (27)
For the reality condition of the free energy, the integration ranges are restricted to 0 ≤ nχ ≤(√
ω2/g − ℓ(ℓ+ 1)/r2
)
/λ and 0 ≤ ℓ ≤
(
−1 +
√
1 + 4ω2r2/g
)
/2.
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In the approximation of L >> 2M , the free energy is evaluated as
F ≈ −64γζ(5)
πh2
√
h
2M
(
M
β
)5
− 3
8πk
γL3
∫ ∞
0
dω
ω4
eβω − 1 . (28)
It is interesting to note that Eq. (28) is more or less different from the four-dimensional free
energy calculation in the Schwarzschild black hole background [13], which is given as
F ≈ −2π
3
45h
(
2M
β
)4
− 2
9π
L3
∫ ∞
m
dω
(ω2 −m2)3/2
eβω − 1 . (29)
The reason why the mass term of the scalar field in the bulk spacetime does not appear
in the free energy expression (28) on the contrary to the four-dimensional case is that the
mass m in the bulk can be effectively interpreted as that of the four-dimensional mass µ in
terms of the RS relation (22), and it is integrated out in the free-energy calculation after
semi-classical quantization along the extra dimension.
Now the Hawking temperature is defined by
TH =
κH
2π
(30)
where κ2H = −12(∇µχν)(∇µχν)|r=rH and χ is a time-like Killing vector, which yields
TH = β
−1 =
1
8πM
. (31)
Therefore, from the free energy (28) the entropy is
S = β2
(
∂F
∂β
)
=
AH
4G(4)
= 4πM2, (32)
as far as the brick wall is located at h =
(
5γζ(5)
28π6
)2 · 1
2M
. Of course, the invariance distance
from the horizon is calculated so that in the approximation, M >> h,
∫ r=2M+h
r=2M
dr√
1− 2M
r
≈
√
2Mh
=
(
5γζ(5)
28π6
)
, (33)
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which is independent of the black hole mass.
We have calculated the entropy of the massive scalar field in the RS model by using the
brick-wall method. In our model, the positive tension brane as a black hole solution was
considered in order to avoid curvature singularities whereas in the cosmological consideration
the negative tension brane has been identified as our universe to resolve the gauge hierarchy
problem.
In our result, it is reminiscent of the holographic principle [18] of black hole physics, so
the number of degrees of freedom can be derived by the horizon area of the brane, although
this does not mean that the massive modes live on the brane. It would be interesting whether
or not the area law of the black hole entropy can be derived from the bulk theory by using
the other methods.
A final comments are in order. At first glance, the massless limit does not exist in Eq.
(22). However, from the beginning equation (20), one can easily take the massless limit of the
scalar field, and the quantized rule is given as πnχ(µ) =
∫ πrc
0 dyµe
2ky = µ
2k
(
e2kπrc − 1
)
≈ µ
k
λ0
where λ0 = (e
2kπrc−1)/2. As a result, the quantized rule is not changed except the coefficient,
that is µ = kπ/λ0nχ. Therefore, the result for the massive case is still valid. The physical
significance for the massless limit is that in fact the expected entropy can be obtained
without recourse to the RS mass relation (22), while for the massive case the relation is
helpful in the derivation of the entropy. At this stage, we do not know physically whether
the RS relation (22) is essential or not in deriving the entropy. We hope this problem will
be discussed in elsewhere.
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